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Abstract 

Duality symmetries are discussed for non-linear gauge theories of 
(n — l)-th rank antisymmetric tensor fields in general even dimensions 
d = 2n. When there are M field strengths and no scalar helds, the 
duality symmetry groups should be compact. We hnd conditions on 
the Lagrangian required by compact duality symmetries and show an 
example of duality invariant non-linear theories. We also discuss how to 
enlarge the duality symmetries to non-compact groups by coupling scalar 
fields described by non-linear sigma models. 
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1. Introduction 


The free Maxwell’s equations are invariant under SO(2) rotations of the electric 
held and the magnetic held into each other. The invariance of this kind is called 
the duality invariance. In the relativistic notation duality transformations in the 
Maxwell’s theory are rotations of the electro-magnetic held strength into its 
dual The duality invariance has generalizations in higher even 

dimensions. In d = 2n dimensions one can consider duality rotations of n-th rank 
held strengths of antisymmetric tensor helds and their duals. These duality symme¬ 
tries naturally appear in super gravities [|l|, p|. Recently, duality symmetries play 
an important role in non-perturbative analysis of string theories |^. 

In ref. [Q the general discussion of duality symmetries in d = 4 was given. It was 
shown that possible duality groups are Sp(2M,R) or its subgroup when there are M 
held strengths, and that the Lagrangian is not invariant under duality transforma¬ 
tions but should transforms in a dehnite way. Non-compact duality symmetries are 
possible when the theories contain scalar helds described by a G/H non-linear sigma 
model, where G is a non-compact group and H is a maximal compact subgroup. 
These results were generalized to theories in higher dimensions in ref. |Q. It was 
found that possible duality groups are Sp(2M,R) or its subgroup in d = and 
SO(M, M) or its subgroup in d = 4A: -|- 2. 

More recently, duality symmetries were studied for non-linear gauge theories, 
whose Lagrangians are not quadratic in the held strengths of the gauge helds. Such 
Lagrangians appear as low energy ehective theories in string theories. In refs. [0 , IQ 
conditions on the Lagrangians required by a compact duality symmetry U(l) were 
obtained when there is a single held strength in d = 4. One of the theories satisfying 
the conditions is the Born-Infeld theory 





( 1 . 1 ) 


which appears as a low energy ehective theory in open string theories. The compact 
duality symmetry U(l) can be enlarged to a non-compact symmetry Sp(2,R) ~ 
SL(2,R) by coupling scalar helds (dilaton and axion helds). 

The purpose of the present paper is to generalize these results on duality sym¬ 
metries in non-linear gauge theories to theories which contain more than one held 
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strengths, and also to theories in arbitrary even dimensions. (Theories with a single 
held strength m. d = Ak dimensions were already studied in ref. 0.) Such studies 
will be useful in discussing string dualities. When there are M held strengths and 
no scalar helds, the duality symmetry group should be a compact group. We hnd 
conditions on the Lagrangian required by compact duality symmetries and show 
an example of duality invariant non-linear theories up to sixth order in the held 
strengths. We also discuss how to couple non-linear sigma models to enlarge the 
duality symmetry groups to non-compact ones. 

In the next section we review the general structure of duality symmetries in 
general even dimensions. In sect. 3 we work out the details of G/H non-linear sigma 
models for groups G, H relevant to duality symmetries. In sect. 4 conditions of 
duality invariance on the Lagrangian are obtained and an example of non-linear 
theories satisfying them is given. Finally, couplings to non-linear sigma models are 
discussed in sect. 5. 


2. Duality symmetries 


In this section we review the general structure of duality symmetries in even 
dimensions d = 2n i, i- We consider theories of {n — l)-th rank antisymmetric 
tensor gauge helds (a = 1, • • •, M) interacting with other helds 4>i{x). 

Field strengths of the tensor gauge helds and their duals are dehned as 

pa _ p\ -pa 

n\ 

where the indices in [/xi • ■ ■ Pn] are totally antisymmetrized with unit strength and 
is the Levi-Givita symbol. As the inclusion of gravity is straightforward, we 
consider theories in hat space-time. In d dimensions the duality operation satishes 


f -|-1 for d = 4:k + 2, 
I —1 for d = Ak. 


( 2 . 2 ) 


We consider a Lagrangian which is a function of M held strengths and of other helds 
(j)i{x) and their derivatives 


C = C{F. 


/^1 ’ 




(2.3) 
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The gauge fields appear only through their field strengths 

The equations of motion for and the Bianchi identities are 

= 0, = 0, 

where the duals of antisymmetric tensors are defined by 


(2.4) 




dC 


dF: 


(2.5) 




For the free Maxwell theory in four dimensions, we obtain = F^’^. Eq. O is 
invariant under transformations 


G 


A B 
G D 


G 

F 




( 2 . 6 ) 


where A, B, G, D are constant M x M real matrices and ^-re functions of 0®. 
These constants are not independent and should satisfy certain conditions obtained 
from the covariance of the definition of G (|2.5|) and the covariance of the equations 


of motion for 0® under the transformations (|2.6|) . 

Let us first consider the covariance of the definition of G. By eq. ( ^.51) G is given 
as functions of F and 0. Therefore, the transformation of G can be derived from 
those of F and (j). From eqs. ( p.5D and (|2.6|) we obtain 


= n\ ^ 


dF° 


dF^ 


This should be consistent with the transformation of G given in eq. 
equating these two transformation laws we obtain 

. dC 


(2.7) 


By 


dF' 


- (n\6C - -F'^B^^^F^ - -G'^C^^G‘^) - n\ 

“ V 2 2 /V ) 


- (S'®'® + F'® + (g^®" + eG"'®) 


dF^ 

dG^ 


2 V- — ' 2” V- • J dF^' 

When there exist non-trivial interactions, this equation gives conditions on the trans¬ 
formation parameters 


^ab ^ j^ba ^ 


ba 


s:ab 




)6a 


ab 


iba 


(2,9) 
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where a is an arbitrary constant, as well as a condition on the variation of the 
Lagrangian 


-^(SC- -aC] =0. 

dF^ V 2n\ 2n\ 


( 2 . 10 ) 


The eqnations of motion for 0® are 


d ' 


C = 0. 


( 2 . 11 ) 


The covariance of these eqnations nnder the dnality transformation (2.1:) 


dP 


( 2 . 12 ) 


reqnires another condition on the variation of the Lagrangian 


' d d ' 

^d(if 


6C - ^G“G“'’G'’) = 0. 

2n! 


(2.13) 


We can now hnd ont possible dnality gronps from eqs. ( p.9|) , (|2.10|) and (|2.13|) . 
Comparing eqs. (|2.1(]|) and (|2.13|) we hnd a = 0. Then, the conditions on the 


parameters (|2.9|) can be written as 


X^VL + fix = 0, 


(2.14) 


where 




A B\ 

CD)' 



( 2 . 15 ) 


For d = Ak {e = —1) 11 is an antisymmetric matrix and the above condition implies 
that the gronp of dnality transformations is Sp(2M, R) or its snbgronp. On the other 
hand, for d = 4A: + 2 (e = +l) Oisa symmetric matrix, which can be diagonalized 
to diag(l, — 1 ). The gronp of dnality transformations in this case is SO(M, M) or 
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its subgroup, 
transform as 


Eqs. 


(|2.10|) and (|2.13|) also require that the Lagrangian must 


5C 


P’0, pb _j_ ^ 

2n\ 2n\ 
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V2n! 


pOQC 


(2.16) 


Thus, although the Lagrangian is not invariant under the duality transformations, it 
transforms in a dehnite way. It can be shown that a derivative of the Lagrangian with 
respect to an invariant parameter is invariant under the duality transformations. The 
invariant parameter can be an invariant external field such as the metric. Thus, the 
energy-momentum tensor, which is given by a functional derivative of the Lagrangian 
with respect to the metric, is invariant under the duality transformations. 

In field theories with non-compact symmetries one has to check the absence of 
ghosts, i.e., negative norm states. When no scalar fields are present, only compact 
subgroups of Sp(2M, R) or SO(M, M) are possible as duality symmetries without 
introducing ghosts. The maximal compact subgroup of Sp(2M, R) and SO(M, M) 
are U(M) and SO(M) x SO(M) respectively. Elements of these compact groups 
are given by X in eq. ( p.l5| ) with 


D = A, C = eB, = -A, = -eB. (2.17) 


Non-compact duality symmetries are possible when scalar helds described by a G/H 
non-linear sigma model are present. Here, G is a non-compact duality group and H 
is a maximal compact subgroup of G. In the next section we work out the details of 
G/H non-linear sigma models for G = Sp(2M, R), H = U(M) m. d = Ak and G = 
SO(M, M), H = SO(M) X SO(M) md = Ak + 2. 


3. Non-linear sigma models 

The G/H non-linear sigma model p[, 0 is a theory of G/H-valued scalar fields, 
which is invariant under rigid G transformations. For our purpose G is a non¬ 
compact Lie group and H is a maximal compact subgroup of G. We represent the 
scalar fields by a G-valued scalar field V(x) and require local H invariance. Since we 
do not introduce independent H gauge fields, the H part of V(x) can be gauged away 
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and physical degrees of freedom are on a coset space G/H. Under the rigid G trans¬ 
formation g and the local H transformation h{x) the scalar held V{x) transforms 
as 

V{x) ^ gV{x)h~^{x). (3.1) 

To constrnct the action we decompose the Lie algebra G of G as G = H + N, 
where H is the Lie algebra of H and N is its orthogonal complement in G. The 
orthogonality is dehned with respective to the trace in a certain representation: 
tr(HN) = 0. The G -valned held V is decomposed as 

V-%V = Q^ + Q, G H, N. (3.2) 


The transformation laws of and P^ nnder the local H transformation in ( ^.1| ) are 
fonnd to be 


Qu hQah ^ hd.h 


ll"- ! 


-P,. -• hPi,h 


(3,3) 


while they are invariant nnder the rigid G transformations. We see that trans¬ 
forms as an H gange held, while P^ is covariant nnder the H transformations. By 
nsing these qnantities we can constrnct actions which are invariant nnder the rigid 
G and the local H transformations. The kinetic term of the scalar helds is 




( 3 . 4 ) 


which is qnadratic in derivatives of V and is manifestly invariant nnder the rigid G 
and the local H transformations. The H gange held can be nsed to dehne the 
covariant derivatives on other helds transforming nnder the local H. The covariant 
qnantity P^ also can be used to construct invariant terms in the action. 

Let us work out the details of the theories relevant to duality symmetries. For 
G = Sp(2M,R), H = U(M) in d = 4fc the G transformations in the complex basis 
are 


( F + iG\ (a b* 
[ F-iG ) ^ [b a* 


F + iG\ 

F-iG J ’ 


a^a — b^b = 1, a^b — b^ a = 0, (3.5) 
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where a, b are M x M complex matrices. The subgroup H = U(M) corresponds to 
the case b = 0. In this basis the G-valued scalar held is expressed as 


V{x) 


(j)o{x) (^l{x) \ 
(j)i{x) 00 (x) ) ’ 


0000 - 0101 = 1, 00^1 - 0f0O = 0. 


(3.6) 


The physical degrees of freedom are represented by an H-invariant variable 


Z = 2 , 


(3.7) 


which transforms under G as 


z ^ {az + b*){bz + a*) . 


(3.8) 


Alternatively, we can use a variable 


S = Si+ iS2 = i 


1 - z 
1 + ^’ 


S'2 G R. 


(3.9) 


to represent physical degrees of freedom. Its inhnitesimal G transformation is 


6S = AS + B- SCS - SD. 


(3.10) 


The kinetic term for the scalar helds (|3.4D becomes 


■^scalar tr 

= tr 


(00 ^/.01 - ( 00^^01 - 0 r ^^ 0 o ) 


.1 - 


-d„,z* 


= — tr 


1 - 

1 


_ fj Q 

s-s* ^ s-s 


d^z 
d>^S 


(3.11) 


We now turn to the case G = SO(M, M), H = SO(M) x SO(M) in d = Ak + 2. 
In the G-diagonal basis the G transformations are written as 


F + G 
F-G 


a b\ F + G \ 
c d [ F-G r 


a^a — c^c = 1 , d^d — b^b = 1 , a^b — c^d = 0 , 


( 3 . 12 ) 














where a, b, c, d are M x M real matrices. The subgroup H = SO(M) x SO(M) 
corresponds to the case b = c = 0. The G-valued scalar held is parametrized as 


V{x) 


01 (x) 'ip2{x) \ 

01 (x) 02 (a:) j ’ 


0 ^ 01 - 0^01 = 1 , 0 ^ 02 - 0^02 

We dehne an H-invariant variable 


1, 0^02-0^02 


^ = (0l(0l) = 02(02) 0 

which transforms under the G transformation as 

z —> {az + b){cz + d)~^. 

Alternatively, we can use a variable 

1 _ 2^ 

c _ c I c _ ^ qT _ c qT _ c 

o — —Oi -h 02 — ^—5 — “^1? *^2 “ *^2? 

1 + z 

whose inhnitesimal G transformation is 


6S = AS-B + SCS - SD. 


The kinetic term (|3.4|) then becomes 


•^scalar tr 

= tr 

= tr 


( 000/.02 - 000 /. 02 ) ( 000^01 - 000 '' 0 ] 




ll-z^z 


d^z 


zz^ 


—a s’'—!— 

S + S’' '■ S+S’’ 




0 . (3.13) 


(3.14) 


(3.15) 


(3.16) 


(3.17) 


(3.18) 
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4. Non-linear gauge theories 


Let us consider duality invariant gauge theories, which are not quadratic in the 
held strengths. In this section we shall hrst consider theories which contain only 
gauge helds and no other helds. The duality symmetry group should be a compact 
group. We consider the maximal symmetric cases: U(M) for d = Ak and SO(M) x 
SO(M) for d = Ak + 2. The transformation parameters satisfy eq. (CT - 

According to the general discussion in sect. 2 the Lagrangian must satishes eq. 
(|2.16|) . On the other hand, assuming that the Lagrangian is a function of only the 
held strengths we obtain 


6C = SF^ 


dC 


n\ ^ ^ 


(4.1) 


By equating these two expressions and by using eq. ( p.l7|) we obtain the conditions 

= 0, (4.2) 

= 0. (4.3) 


pafii-’-fin pb Qb 




The hrst condition (|4.2|) is a generalization of the condition for a single gauge held 
obtained in refs. 0,0]. From eq. ( p.5| ) the second condition ( [4.3| ) can be rewritten 
as 


dC 


dC 


- r. F ’’-— = 0. (4.4) 

We see that it requires the SO(M) invariance of the Lagrangian when transform 
as an M-dimensional vector of SO(M). 

Let us obtain an example of the Lagrangians which satisfy these conditions. We 
expand the Lagrangian in F and consider terms up to and including of order 0{F^) 


C, — £,2 + £,4: + £% + 0{F^), 


(4.5) 


where £m is of order 0{F'^). We make the following ansatz 
£2 = ai(F“F“) + a 2 (F“T“), 

£4 = /3i(F“F“)2 + (32{F^F'^Y + PsiF^F""? + Pa{F‘^F''?, 

= 74(F“F“)3 ^ 72(T“F^)2(F"F") + 73(F“F^)(F“F")(F^F") 
+74(F“F“)2(F"F") + 75(F“F'’)2(F"F") 

+76(F“F^)(F“F'’)(F"F") +77(F“F'’)(F“F")(F^F"), (4.6) 
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where etc. We note that the terms proportional to (F“F“) 

identically vanish in d = 4A: + 2 since (F“F“) = —(F“F“) = 0. Since the indices 
a,b, ■ ■ ■ are appropriately contracted, the condition ( [1.3|) is automatically satished. 
Substituting eqs. ([4.5D, ([4.61) into eq. (^4.2|) and using the identities 


(FiA) = -e(FiF2), (FiA) = -{F^F2 


(4.7) 


we hnd that the condition (|4.2|) is satished at this order when the non-vanishing 
parameters are 


oti = 132 = Pi = aiP, 


73 ^ 77 ^ 2ail3^. 


(4.8) 


Thus the Lagrangian up to sixth order in F is 
1 


C = ± 


2 n\ 


(F“F“) + P {(F“F'’)(F“F^) + (F“F^)(F“F^)} 
+2p‘^ {(F“F'’)(F“F")(F''F") + (F“F^)(F“F")(F'’F‘=)} 


+ C>(F®). (4.9) 


For M=1 in four dimensions we see that this Lagrangian coincides with the Born- 
Infeld Lagrangian (|1.1|) up to this order. 


5. Coupling to scalar fields 

The compact duality symmetries in the previous section can be enlarged to non¬ 
compact symmetries by introducing scalar helds. In this section we shall discuss 
couplings of scalar helds described by G/H non-linear sigma models to non-linear 
gauge theories. We require that the theories are invariant under the maximal non¬ 
compact duality symmetries Sp(2M, R) in d = Ak or SO(M, M) in Ak + 2. 

We use the helds Fi, S 2 introduced in eqs. ( p.9|) , ( p.lfil) to represent the G/H- 
valued scalar helds. They have symmetry properties Sp = —eFi, Fj = 82 - It is 
convenient to introduce the “vielbein” for the “metric” by 

82 = R^R. (5.1) 
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For a given S 2 , R is determined only up to local SO(M) transformations 


5R{x) = A{x)R{x), A'^{x) = —A{x). (5.2) 


When the Lagrangian is expressed by using R, it should be invariant under these 
local SO(M) transformations. The duality transformations of Si, S 2 can be derived 
from eqs. (|3.1CI|) , (|3.17|) 


6Si = ASi + B- SiCSi - eR^RCR^R - SiD, 

6R = -RCSi - RD, (5.3) 


where the transformation parameters satisfy eq. ( ^.14| ). 

Let us obtain conditions for the duality invariance of the theory. Since the scalar 
kinetic term (|3.11|) or ( 3.18|) is invariant under the duality transformations (|5.3|) by 
itself, we consider the Lagrangian C excluding it. Then, we can assume that C does 
not depend on derivatives of the scalar helds. The Lagrangian must satishes the 
transformation property (|2.16|) . On the other hand, the variation can be expressed 
also as 


SC = SF^ 


dC 


+ SS1 


ab 


dC 


+ 6R 


>ab 


dC 


(5.4) 


where and iJS'i, SR are given in eqs. (pT^) and (|573|) respectively. By equat¬ 
ing these two expressions we obtain the conditions on the Lagrangian. From the 
coefficients of 5“^ we obtain 


dC 



2n\ 


(5.5) 


This condition can be solved by 


C 


1 


F‘^SfF’’ + C{F,R), 


(5.6) 


where C{F,R) is independent of Si. Next, from the coefficients of ^4“^ 
obtain 


dR _ pcb dC 
dF^ dR^°- 


0 . 


we 

(5.7) 
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To solve this condition we introduce 


jra 




( 5 . 8 ) 


and regard £ as a function of T and R. By using identities 


eq. (|5.7|) becomes 


dt{F.R) ^ , dl{T,R) 
dF^ ’ 

dt{F,R) ^ dL{T,R) dL{T,R) 


dL{T, R) 
dR^^b 


(5.9) 


(5.10) 


Thus, C{F, R) = F{F) is independent of R. Finally, from the coefficients of (7“^ we 
obtain a condition 


jra^b ^ gagb ^ 


(5.11) 


where we have dehned 



dC{F) 


(5.12) 


We must also require the invariance of the Lagrangian under the local SO(M) trans¬ 
formations (b.2|). It gives a condition 


jragb _ jrbga ^ g 


( 5 . 13 ) 


To summarize the duality invariance requires that the Lagrangian takes the 


form 


C = /:scalar(^, d^S) + —F' + £(F), 

2n\ 


(5.14) 


where the scalar kinetic term £scaiar given in eq. ( ^.11|) or (^.18| ) is included and 
C{F) should satisfy eqs. (|5.11|) , (|5.13|) . The conditions (^.11|) , (^.13|) take the same 
form as eqs. (|4.2|) , ( [4.3|) . Therefore, once we hnd a theory containing only gauge 
helds which has a compact duality symmetry, we can construct a theory which has 
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non-compact duality symmetry by coupling it to scalar fields as in eq. (|5.14|) . We 
note that the transformations of T and Q have a simple form 


bQ^ = e{RCE^Y^T^ + (5.15) 


These have the same form as the compact U(M) or SO(M) x SO(M) transforma¬ 
tions in eq. (|2.17|) but with field dependent and local transformation parameters. 


For M = 1 in four dimensions these results reduce to those in refs. 1, 0- In 
particular, the scalar fields have only two components S\ = a and R = e“5‘^, where 
a{x) and 4>{x) are the axion field and the dilaton field respectively. The Lagrangian 
(|5.14|) then becomes 




(5.16) 


where C must satisfies eq. (|5.11|) . The condition ( b.l3|) is automatically satisfied for 

M = 1. 


Note added 

After completing this paper we noticed ref. |p, in which duality symmetries 
of supergravities in general space-time dimensions were discussed in considerable 
details. We would like to thank B. Julia for informing us about these works. 
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